
Stressed mirror polishing.
nonaxisymmetric mirrors

1: A technique for producing

Jacob Lubliner and Jerry E. Nelson

The theoretical basis is developed for a technique to fabricate nonaxisymmetric mirrors. Stresses are ap-
plied to a mirror blank that would have the effect of elastically deforming a desired surface into a sphere. A
sphere is then polished into the blank, and upon release of the applied stress, the spherical surface deforms
into the desired one. The method can be applied iteratively, so arbitrary accuracy should be possible. Cal-
culations of the stresses and deformations are carried out in detail for an off-axis section of a paraboloid.
For a very general class of surfaces, it is sufficient to only impose appropriate stresses at the edge of the blank
plus a uniform pressure on the back.

I. Introduction
The fabrication of high-quality nonaxisymmetric

optical surfaces has traditionally been vastly more dif-
ficult than producing axisymmetric surfaces. Among
the axisymmetric surfaces, the sphere is the easiest to
fabricate, with commonly desired surfaces such as pa-
raboloids and hyperboloids being substantially more
difficult. Even with the advances in computer-con-
trolled polishing made by some of the large optical
firms, nonaxisymmetric surfaces are a challenging task,
one very much more difficult than polishing spheres.

The University of California is currently designing
a 10-m optical ground-based telescope,' and one of the
designs being considered is based on a segmented pri-
mary mirror of either parabolic or hyperbolic shape.2 4
The primary is expected to be f/2. The segments are
hexagonal in outline, 1.4 m in diameter, and 10 cm thick.
These mirror segments must be off-axis sections of a
paraboloid, and the entire set of sixty must be made to
conform to a single paraboloidal surface. Because of
the great difficulty in making even a single off-axis pa-
raboloid by traditional methods, the construction of a
matched set of sixty mirrors appears quite formidable.
Our desire to produce these mirrors accurately, quickly,
and economically was the impetus for developing the
technique described in this paper.
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In general, the idea is to apply an appropriate set of
forces to a mirror blank so that after a sphere has been
ground and polished into the blank, the forces can be
removed, and the polished spherical surface deforms
elastically into the desired nonaxisymmetric surface.
So long as the material behaves elastically, with no
hysteresis, and the desired surface is smooth, there ex-
ists a force function capable of producing the desired
deformation. Thus, in principle, one can reduce the
difficulty of polishing nonaxisymmetric mirrors to the
much simpler task of polishing spheres. We show in
this paper how for circular mirrors of uniform thickness,
a very general class of surfaces can be created by an
extremely simple force distribution. (In a companion
paper5 we describe the fabrication of an off-axis section
of a paraboloid using this technique.)

Historically, this general idea was first used by Ber-
nard Schmidt in making an axisymmetric correcting
lens for a Schmidt telescope, and the theory and method
for this technique are described by Everhart. 6 An in-
teresting variant of the idea we develop in this article
is described by LeMaitre,7 where variations in plate
thickness are deliberately introduced to attempt to
achieve a set of desired deflections under external loads.
A related idea, that of bending a given mirror into an-
other shape by the use of a warping harness to adjust
astigmatism, has been described by Leonard8 and Al-
varez.9 . In these applications, no polishing during
warping was attempted; rather, the warping harness was
a permanent part of the desired mirror.

It is well known that any continuous function defined
in a region of the x-y plane can be represented by a
double power series in x and y. If the region is a circle
of radius a about the origin, it is convenient to use polar

2332 APPLIED OPTICS / Vol. 19, No. 14 / 15 July 1980



coordinates (p,6), where p = ra, r = (x2 + y2 ),1/2 and
0 = tan-' (y/x). It can be shown that the series then
takes the form

E E (amn cosnO + Iymn sinO)pm. (1)
m=O n=O,

m - n even

sired deflections. Section IV discusses the stresses
imposed on the plate and thus establishes what surfaces
are actually possible without breaking or otherwise
exceeding the elastic limit of the mirror blank. The
derivation of the results used in Secs. III and IV is
shown in the Appendix.

By means of elastic plate theory it can further be
shown that the proper application of bending moments
and shearing forces around the periphery of a flat plate,
plus a uniform or linearly varying pressure on the back
of the plate (as might be exerted by an elastic support
pad), deflects the plate into any surface given by a
function described by Eq. (1), with the restriction that
for m > 6, the only nonvanishing coefficients cxmn and
fmn are those with m = n and m = n + 2. Even with
this restriction, Eq. (1) still describes all commonly
produced optical surfaces.

The material should behave elastically for this pro-
cedure, so some materials may not be suitable for this
technique; but at least one material, glass, is known to
have nearly ideal elastic properties.10 If the material
responds linearly to the imposed forces, the resulting
deflections are independent of the internal stresses of
the original blank and of changes in the internally
generated stresses caused by grinding and polishing.

An attractive feature of the technique is the ability
to produce the desired surface iteratively. If the ap-
plied forces are only approximately correct due to ap-
proximations in the theory, incomplete knowledge of
the blank's elastic properties, or systematic errors in the
application of the desired forces, the surface produced
will not match the desired one. Measurements of the
errors in the fabricated surface can then be used to
calculate corrective forces, which when reapplied along
with the original set of forces can be used as the basis for
a second spherical polish and test cycle, etc. Thus if the
results of a single polish contain errors of order Eo and
the desired deflection is of order d, one can expect the
error after n polish cycles to be

En l( d.

If Eo/d < 1 the technique converges to produce the de-
sired surface. In practice, eold is of order 10-2, and
accurate convergence to the desired surface is achieved
in two or three polishings. Appreciable changes in the
thickness of the blank from the grinding and polishing
of course affect the deflections caused by the applied
forces but in a predictable fashion. In practice these
changes are small and do not strongly affect the con-
vergence of polishing iterations.

Since this technique was motivated by the University
of California telescope project, we use as examples here
sections of a mirror with a 40-m radius of curvature, and
we assume a paraboloidal surface. We begin the de-
velopment of the theory with a derivation of the equa-
tions describing the surfaces involved. The following
section discusses the deflections of circular plates and
establishes the force system needed to obtain the de-

11. Geometry
In this section we derive the expression for the de-

flection representing the difference between a sphere
and an off-axis section of a paraboloid. In a global
Cartesian coordinate system (X,YZ), a paraboloid of
revolution about the Z axis, with a focal length f = k/2
(so that k is the radius of curvature at the vertex), is
described by

Z = (X
2 + Y

2)/2k. (2)

Let P denote a point on the paraboloid located at a
distance R from the Z axis; the coordinates of P are
(ROR2/2k). We wish to transform Eq. (2) into a local
coordinate system (x,y,z) whose origin is at P, so that
the x-y plane is tangent to the paraboloid. We may, for
convenience, let y = Y. The inclination of the x-y plane
with respect to the X-Y plane is 0 = tan-1E, where
E = Rik. The geometry is illustrated in Fig. 1.

For convenience, we denote cost and sink by c and
s. Then the coordinate systems (X, YZ) and (x,y,z) are
related by

X = R + cx - sz,

Y =Y

Z = (R2 /2k) + cz + sx.

With'these expressions inserted in Eq. (2), this equation
becomes

R2 ~~~1
k + cz + sx = - [(R + cx - Sz)

2 + y
2].

2k 2k

Expanding and rearranging, we can write this in the
form of a quadratic equation in z:

CS
2
Z

2
- 2(k + C

2
SX)Z + C(C

2
X

2 + y
2
) = 0,

where R is eliminated by means of the identities sR +
ck = k/c and cR = sk. When the quadratic equation is

z

k

R

Fig. 1. Diagram defining global (X,YZ) and local coordinates (x,y,z
= r,O,z) of mirror segment on paraboloid.
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solved for z, the solution that satisfies the condition that
z = 0 when x = y = 0 is

Z = - [k + c2 sx - ( 2 + 2c2 skx - c2s2y2)1 /2]. (3)
cs2

We expand the right-hand side of this equation in a
power series, obtaining

Z = -2 (C
2
X

2
+ y

2
) - X(C2X2 + 2)

2k 2k 2

C3S2

+ 8k. (C
2
x

2
+ y

2
)(5C

2
x

2
+ y2

)

+ O(0
3
r

5
/k

4
), (4)

Note that in each coefficient axmn, the leading term
is of order (am/k m-l)En. Since bothR and a are small
compared with k, it can be seen that the largest of the
neglected terms of Eq. (7) are those whose coefficients
are 60 , a5 3 , and a 44, of order a6/k 5 , (a5 /k4 )E3, and
(a 4 /k 3)E4, respectively. For mirror segments with a =
0.7 m, k = 40 m, and R < 5 m, these quantities are no
greater than -10-3 m and therefore completely
negligible.

The sphere radius may be chosen so as to minimize
the rms value of the deflection described by Eq. (7). A
close approximation to this radius can be shown to be

where r = (x 2 + y2 )1/2. If the radius of the plate is a,
the largest neglected term is of order e 3a5 /k 4 = R 3a5/
k 7.

Now consider a sphere of radius centered at an ar-
bitrary point with local coordinates (o,0,zO); this is
described explicitly by

z = Zo - [12 - y2- (-Xo)2]1/2

or, in a power-series expansion,

z = _(12-x)1/
2

- + 2x + +xo+ -13 (3X2 + y2)

xoxr2 r2 + x or,', '6 (5)
213 813 ° T 1515*()

The goal of this study is to produce by means of applied
loads elastic displacements w equal to the difference
between the right-hand sides of Eqs. (4) and (5).
However, the constant and linear terms in Eq. (5) rep-
resent rigid-body displacements and are therefore of no
interest. Consequently, we let xo = O and zo = I (that:
is, we consider only tangent spheres at P), and Eq. (5)
simplifies to

r2 r4
Z = -2 + - + O(r6

/1
5
).

21 813
(6)

If Zpar and Zsph denote z as given by Eqs. (4) and (6),
respectively, and if w is defined as Zph - Zpar, the
power-series expansion for w takes the following form
when transformed into the dimensionless polar coor-
dinates (p,O):

w = a2Op 2 + .a22p
2 cos2O + a31P3 cosO + a33p3 cos3O

+ a40p4 + a42p4 cos2O + neglected terms.

.

Z
E

._
(7)

The coefficients amn are given in terms of a, k, , and 
as follows:

a2 (k + 29 E4+5 C

2 0 = kj1+e 2 + 1- +e+

ae22=- 2 2_1--e 2 + 8 e 4 + ......
4k 2 8 ./

a31 = (a3 /2k2 ) hj - 2 + 1 4 +

ae3 3 =-(a3 /8k 2 )e3(1 - 3e2 + 6e4 +.)

a40 = (a4/8k3
) - 3e2

(1 - 4e
2

+ ..

a4 2 = -(a 1/4k 3)e2(l - 5e2 + ...

focus,

astigmatism,

coma,

spherical aberration,

=I (1 +o I (8)

where lo = 2k/(c + c3 ). With this value of 1 and with
the values of a and k as above, the values of the coeffi-
cients a20, . . , a42 are plotted against the off-axis dis-
tance R in Fig. 2.

Il. Plate Bending
The determination of the forces necessary to produce

a given deflection pattern in a glass plate constitutes a
straightforward problem in elastic plate theory, since
glass is nearly perfectly linearly elastic at sufficiently
low stresses. The deflection w of a uniform, linearly,
and isotropically elastic thin plate is governed by the
partial differential equation DV4w = q, where q is the
transverse load per unit area (measured as positive in
the same direction as the deflection), V4 is the operator

1.0
Off Axis Distance R(m)

10

Fig. 2. Coefficients describing deflections needed to transform a
sphere into parabola as defined by Eq. (7). Paraboloid with k = 40
m and segments with a = 0.7 m is assumed, and coefficients as func-
tion of off-axis distance are shown. Best fitting sphere is assumed.

Root-mean-square deflection is also shown.
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W(pO) = E [(a,.pn + an+2,npn+
2
) cosnO

n=O

+ (/nn p n + fn+2,n Pn+
2
) sinnO]

+ a40p 4 + a51p
5 cosO + 050P5 sinO.

q

V

Fig. 3. Diagram showing application of shear force V and couple M
at the edge of the plate and a uniform pressure q on the back of the
plate. These are types of external forces needed to deflect a sphere

into an off-axis paraboloid.

()2/8x 2 + 2 /by 2 )2 (where x and y are cartesian coor-
dinates in the plane of the plate), and D = Eh3/12(1 -
v2), where h is the plate thickness, while E and v are,
respectively, Young's modulus and the Poisson ratio of
the glass.

The desired deflection given by Eq. (7) may be pro-
duced by a combination of bending moments and
shearing forces around the edge and uniform transverse
loading (Fig. 3). Since a uniform transverse load pro-
duces no tilting moment, the edge moment and shear
distributions must be in moment equilibrium. It is
possible to eliminate this constraint and permit arbi-
trary moment and shear distribution around the edge
by permitting the transverse loading to vary linearly
over the plate surface, that is,

q = qo + qlx + q2y. (9)

This kind of loading may be achieved by supporting
the plate on a rubber pad, which in turn rests on a flat
rigid base. If the rubber pad behaves like a Winkler
foundational' the pressure it exerts at every point is
proportional to the displacement of the plate at that
point. Since the rubber is considerably softer than the
glass, the bending displacements of the plate are neg-
ligible compared with its rigid-body displacements.
Consequently, a transverse pressure of form (9) may be
reasonably expected.

For loadings given by Eq. (9) there exists a theory of
moderately thick plates, due to Love,12 which is more
exact than the classical (thin-plate) theory. The the-
ories are discussed in the Appendix. In what follows,
we present the equations resulting from the Love
theory, which govern the relation between, on the one
hand, deflection and, on the other hand, bending mo-
ment and shearing force around the circumference of
a circular plate of radius a.

A. Deflections
The most general top-surface deflection corre-

sponding to an arbitrary distribution of bending mo-
ment and shearing force around the circumference, to-
gether with a transverse upward loading on the bottom
surface described by Eq. (9) are given by the following
equation:

This is the same as Eq. (1) with the restriction given
there. The last three terms in the expression are di-
rectly related to the transverse loading:

a40 = qoa4 /64D, a5l = q1a5/192D, 0,51 = q2a
5/192D. (11)

The remainder of the expression represents the most
general deflection of a plate with no transverse loading.
The terms with ao00, a1 l, and /1, represent, of course,
rigid-body displacement and are governed by the elastic
properties of the pad rather than of the plate.

We note that Eq. (10) describes the most general C-
surface through fifth order and a good many higher-
order surfaces as well. If only a uniform pressure is
possible, two of the fifth-order terms (a 5 1,3 51) cannot
be produced, but all terms through fourth order are still
controllable.

B. Bending Moment and Shearing Forces

The distribution of bending moment and shearing
force can be represented by the Fourier series:

M(O) = MO + L (Mn cosnO + Mn sinnO),
n=1

(12)V(O) = Vo + i (Vn cosnO + Vn sinnO).
n=l

Equilibrium of transverse forces, moments about the
y axis and moments about the x axis, requires

Vo = -qoa/2

M1 + aV, =-qla
3 /4 (13)

Ml + aVl =-q 2 a
3
/4

C. Bending Moments in Terms of Deflections

The bending moment and shearing force parameters,
M and V, can now be expressed in terms of the deflec-
tion coefficients a and A3. It is shown in the Appendix
that, for a plate with no transverse loading (q 0), the
relation between the deflection and the applied moment
and shear predicted by the Love theory can be reduced
to the same form as that resulting from thin-plate
theory, provided the actual deflection w is replaced by
a modified deflection wu (where the superscript u
stands for unloaded), given by a series analogous to Eq.
(10) with coefficientsa ' 3,Unn0. (Note that a°to, a' 1, and

oul are zero.) To define these coefficients in terms of
the true ones, the method described in the Appendix
requires that we first remove the second-order effect of
the transverse loading and form intermediate primed
coefficients a'm, I3',n, which are related to the true ones
as follows:

a20 = a20 + 2 (J)2a4o

a2 1 = a31 + -- v (J 2 Ml
1-v a
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a33 = a33 - 1 ( )2as , (14)

3-v (h)2

/33 = /33 + 1 (51

with all other primed coefficients equal to the true ones.
The coefficients with both subscripts equal must then
be modified as follows:

n= a' + -(1 ) (-2 (n + 1)a+2,.,

nn = in + -) A(-h) (n .+ )n+, (15)

and for the others

Clun+2,n = afn+2,n, On+2,n = fl'n+2,n- (16)

Having now found the unloaded deflection coefficients,
we return to thin-plate theory. A thin circular plate
with no transverse loading and with the deflection given
by

Wu = au + E [(aunpn + aun+2 ,npn+
2
) cosnO

n=1

+ (Onn/p + 0%n+2, pn+2
) sinno]

has moment and shear distributions Mu (0), VU (0) rep-
resented by a Fourier series analogous to Eq. (12); the
coefficients are given by thin-plate theory as

M = t(1 - v)n(n -1)nn

+ (n + 1)[n + 2 - v(n -2)1'n+2,n1

V = D(l - v)n2(n - Oau
a3

+ n(n + 1)(n - 4 - vn)aun+ 2 ,nl * (17)

To obtain the barred coefficient MU, VU, we replace a's
by 3's. Note that au, a 1, and Ou1 have factors equal to
zero.

In the presence of transverse loading given by Eq. (9),
only the Fourier coefficients of indexes 0, 1, and 3 are
changed. The relations are

Mo=Mu+qoa 2 +
| 16 80 (a)

Vo = -qoa/2

[ 1 48 160 a

V1= V' - qla2 [17 + v + 9 +v (h)2j
| 48 160 \al]

M-1 = au + q2a3 5 + v + 9 +v (h)21
I L 48 160 a)

- - [ 1 7 q a3 1 + v 9+ (all2

= Mu + qlah2

M3 =3+ 8

V3 = V3U+ -q1h2

8

> ~~~M3 = 3
8

V3 V3 - -q 2h
2
.

8

All other Fourier coefficients in Eq. (12) equal the un-
loaded ones given by Eq. (17). Note that Eqs. (13) are
identically satisfied. We note that if less accuracy is
needed, all the corrections of order h2 may be neglected
in the preceding equations. The corresponding equa-
tions, representing thin-plate theory, are given in the
Appendix.

Equations (11) and (14)-(18) evaluated sequentially
yield the Fourier coefficients of M(O) and V(O) in terms
of the deflections coefficients. Note that, in Eq. (17),
Mu and Vu (Mn and V) depend simultaneously on a4un
and an+2,n (nn and I3 n+2,n); otherwise the equations are
uncoupled. The system of equations, together with Eq.
(13), can therefore also be used for the inverse problem,
namely, the determination (to within a rigid-body dis-
placement) of the deflection produced by a given dis-
tribution of bending moment and shearing force. This
may be necessary if an iteration procedure is used.

D. Discrete Force Application
In general, it is not possible to produce an arbitrary

distribution of moment and shear around the edge with
a finite number of controls. If the desired deflection
w corresponds to theoretical moment and shear distri-
bution M() and V(O), these must in practice be ap-
proximated by physically realizable distributions, say
M(l)(O) and V(1)(0). By solving the inverse problem we
can determine the deflection, say w('), that will actually
be produced. Next, we determine the theoretical mo-
ment and shear distribution necessary to produce the
difference deflection w - w); if these distributions are
approximated in practice by M(2)(0) and V(2)(0), and if
the corresponding deflection is W(2), then, if the proce-
dure is continued, we have

MB = M(1) + M(2)+..

VB = V(1) + V(2) +...,

where B indicates the best approximation to the desired
deflection w. If the algorithm for producing the actual
moment and shear distributions from the corresponding
theoretical ones is stable, the convergence of the itera-
tion should be very rapid.

In addition to the just-discussed iteration, we em-
phasize again at this point the iterative polishing pro-
cedure discussed in Sec. I. In general, it can be ex-

18) pected that the surface produced by the first polishing
(18) under stress is not exactly the desired one. The dif-

ference may be the result of many factors: variation in
the plate properties E, h, v; deviation from perfect linear
elasticity; failure of the pad to conform to the Winkler
model; and so on.

If the difference between the actual and the desired
deflection is itself given by Eq. (10), it can in principle
be removed by additional moments and shears calcu-
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lated by exactly the same procedure as before, and upon
iteration the error should converge to zero.

It may happen, however, that the deflection differ-
ence is given by one or more terms of the series (1),
which do not obey the restriction given there, for ex-
ample, a 60 p6. Such terms are not controllable by the
present technique, and it must be assumed that they are
small.

For example, a deflection that varies as p6 is produced
(in a uniform plate) by a load that varies as p2. Alter-
natively, suppose the plate stiffness D varies from its
nominal value Do by something like AD = yDop2 with
y small. Let wo denote the nominal deflection with y
= 0, and w1 the additional uncontrollable deflection due
to y 5d 0. Then the effect of the nonuniformity may
approximately be represented as that of an additional
load q, = -ADV4wO; if we equate this to D0V4w1, a
solution is wl = a60p6 , where a60 -- (y/ 9 )a4o. (A more
rigorous analysis produces similar results.) Conse-
quently, the uncontrollable deflection terms are very
small fractions of the desired deflection, provided the
variations and uncertainties that produce them are
themselves small.

IV. Stress Analysis
When the focal length (k/2) and the plate dimensions

(a,h) are prescribed, the parameters that determine the
deflection required to produce an off-axis paraboloid
segment are the off-axis distance R and the sphere ra-
dius 1. Since it is the deflection that, together with the
elastic properties of the plate, produces stresses, it is
important to examine the bounds that must be obeyed
by R and 1 in order that the stress not exceed a safe level
throughout the plate.

In stress analysis it is not necessary to work with the
same degree of theoretical accuracy as in deflection
analysis, since a generous safety factor is always applied
to the breaking stress to derive the allowable stress.
Consequently, it is sufficient to use thin-plate theory
without the Love refinement, and furthermore it is
permissible to omit relatively small terms from Eq. (7)
for the deflection. In particular, since I k- , ande (=
R/k) is small, we may drop all but the lowest-order
terms in in the expressions for a 31 , a 22, and a40; ap-
proximate a 20 by 1/2 (a/k)2(k + E2k - 1); and neglect a3 3

and a42 altogether. The approximate expression for the
deflection then takes the simple form

w(x,y) =( )(x2 + + 1 (r'4 - 4R3x - R4), (19)
2k 2 8k3

where r'2 = (x + R)2 + y2 , so that r' is (approximately)
the distance from a point (x,y) on the plate to the axis
of the paraboloid. The local maximum tensile or
compressive stress at (xy) can then be shown (see Ap-
pendix) to be given by

Eh Ik - r'\2

2(1 - )k ma k

2(1 + v) ak) +
(20)

The absolute maximum stress in the plate is obtained
by maximizing the right-hand side of Eq. (20) as a
function of r'2 ; the location of the stress maximum
therefore coincides with one of the locations of the ex-
treme values of r'2. One such point is (a,0), that is, the
point on the plate farthest from the axis; here r'2 = (R
+ a)2. The other point is that which is nearest the axis:
this is the vertex of the paraboloid, that is, (-R,0), if it
is contained in the plate (that is, if R < a); otherwise it
is (-a,0), where r'2 = (R - a)2

.

Let Tall denote the maximum allowable tensile stress
and let the dimensionless quantity p be defined by

2(1 - )allk

Eh

The condition cmax(loc) < Call implies that

I k evke 2(1 + v) in t b

for every value of r'. We thus obtain the bounds

Imin I :< Imax (21)

for the sphere radius 1 with the off-axis distance R given,
where

1min =k [1 + 3+ (R+ a )2 P

= k(l + p)

'ma-kr = 1 + 3v (R - a].x 1 + P + 2(1+ v) k) 

if R <a,

if R a.

For the necessary condition Imax > min to be satisfied,
R must obey f(R) < p, where

3+ v R+a)if a
f(R) = ( lk)if R a

'~4(1 +) 0 k 

I [( + ) R +a)2 (R-a)2]

if R a.

The equation f(R) = p determines Rmax, the largest
off-axis distance that may be achieved without ex-
ceeding the allowable stress anywhere in the plate. For
any R < Rmax, the double inequality (21) defines the
range of allowable sphere radii; this range narrows to
zero width as R attains Rmax. When equals Imi or
1max, the maximum stress equals the allowable stress at
the point farthest from or nearest to the axis, respec-
tively. If, on the other hand, the sphere radius is at the
midpoint of its allowable range, that is, if

I = 2 (Imax + min),
2

(22)

the maximum stress is the same at both extreme points
and constitutes the smallest maximum stress produced
for a given off-axis distance R; its value is

Eh
01max = f (R).

2(1 - v0k
(23)
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N h=O.lOm
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E
E 

/

0
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0 1 2 3 4 5 6
Off Axis Distance R(m)

Fig. 4. Maximum stress induced in mirror segment during bending
is shown as function of off-axis distance. Lowest stress sphere is used,
and paraboloidal segment with k = 40 m, a = 0.70 m, and h = 0.10 m.

Material (CerVit) has E = 9 X 105 kg/cm2 and v = 0.25.

Equation (23) is plotted in Fig. 4 for the mirror segments
with a = 70cm, h = 10cm, k = 40 m,E = 9 X 105 kg/
cm2, and = 0.25.

It should be pointed out that the least-maximum-
stress sphere radius given by Eq. (22) is in general dif-
ferent (although not drastically) from the one given by
Eq. (8), which corresponds to the least rms deflec-
tion.

We are grateful to L. W. Alvarez for his encourage-
ment. His experience with similar problems, his con-
fidence in the viability of this general method, and his
suggestion of this collaboration were vital to the suc-
cessful development of this method. We also thank
Terry Mast, George Gabor, Leslie Hunt, and Deborah
Haber for helpful discussions. This work was sup-
ported by the University of California and the Depart-
ment of Energy.

Appendix: Plate Theory
In this Appendix we present the theoretical basis for

the equations given in Sec. III for the shearing force and
bending moments needed to achieve the desired de-
flections, as well as for those given in Sec. IV for the
stresses.

We consider first the classical (Kirchhoff) theory of
thin plates as expounded, for example, in Ref. 13. If
D Eh3/12(1- 2) denotes the plate stiffness modulus,
the bending-moment tensor with Cartesian components
Mad (aO = 1,2) is related to the middle-plane deflection
w by

Mos = D[(1 - V)W,a, + V, 0V
2

WI, (Al)

where ,,, - W/ZIxa, w,,: - 2wI8xabxl, etc.; 6,3
denotes the Kronecker delta; and the summation con-
vention is in effect. (We denote Cartesian axes x,y,z by

x1,x2,x3.) The bending-moment components are the
resultant moments about an axis in the plane (and per
unit length of said axis) of the in-plane stress compo-
nents o',:

Jh/2
M"" = _fh/2 X30 Atd3- (A2)

(Conventionally only the components M1l and M22 are
called bending moments, while M1 2 is called the twisting
moment.) Since the in-plane stress components are
assumed to vary linearly through the thickness and to.
have zero resultant force, it follows that

s = -12Mx,/h3 ,.

and the local maximum of each stress component (oc-
curring atx3 = dh/2) is given by I TaImax = 6MaflI/h 2 .
The local maximum tensile (or compressive) stress is
determined by the local maximum moment, which at
each point equals the absolute value of the numerically
larger eigenvalue of the matrix [Mans], namely,

Ma11 + M2 2 f(M1 -M22 2 1 11/2
Mlmax = max 2 2 +M121

hence Umax (loc) = 6
Mmax (loc)/h2

_

Further equilibrium considerations yield the shear-
ing-force vector Q with Cartesian components Qa(a =
1,2), which equal the force resultants (per unit length)
of the shear stresses 0a3. The relation between shearing
forces and bending moments is

Qea = Mas: = DV2 Wa. (A3)

Last, the transverse load q (per unit plate area) is in
equilibrium with the shearing forces if

q = Qa = DV4 W. (A4)

In polar coordinates (rO), the bending-moment and
shearing-force components are

faW I 6W 1 2WU
Mrr = D [ r2 + V r + r2 2)]

Moo=D law l 2wMr r r2 a02 br2)

I(l)2 W 1 wl
Mr = D(1 -V) (i r2r _T 1 aOJ

r rab r
2

92

a a2W a1 w 1 4)2w

Qr=-D -+--+_- ,
r ar

2 r r r2ao 2

Qa=-D1 a ((2W + W+ 1 >( 2 

r a ar2 r or r2 a2

(Aa)

(A5b)

(A5c)

(A5d)

(A5e)

A shearing force applied at the edge of the plate is not
given, however, simply by the normal component Qn of
the shearing-force vector Q, because an applied twisting
moment Mnt (where the subscript t denotes the tan-
gential direction) also produces a net shearing force if
it varies along the edge. The net shearing force at the
edge is given by the Kirchhoff relation (see Ref. 9): Vn
= Q- Mt/?s, where /as denotes the tangential
derivative along the edge. Along the circumference of
a circular plate of radius a, this is

r J Irma
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The applied bending moment, on the other hand, is just
M = Mrrr=a.

With the deflection assumed in the form (10), sub-
stitution into Eqs. (A5a), (A5c), (A5d), and (A6) yields
the edge bending moment, edge shearing force, and
transverse load as

M(O) = Mo + L (Mn cosnO +Mn sinno),
n=1

V(O) = VO + E (Vn cosnO + Vn sinnO),
n=1

q(r,o) = qo + qlr cosO + q2r sinO,

where

MO = - [(2 + V)a2O + 4(3 + )a401,
a2

01=_ E V
2

W = -E-V
2
W1.

1-~v 1-V

Consequently,

vh 2

W = W - _V
2W1.

8(1 - )
(A7)

The in-plane stress components are related to wo by

a = - [vV2Wo6,a0 + (1 - v)wO,3]x3

+ [hx3 - (2 - V)X3JV2Wo J.
(A8)

Vo = - - (32U40),
a 3

M1 = - [2(3 + v)a33 + 4(5 + V)a511, V = - - [2(3 + v)a3l + 4(17 + v)a51,
a2 a3

m1 = - [2(3 + v)031 + 4(5 + V)051l, V D =-- [2(3 + v)031 + 4(17 + v)0511
a

2
a

3

D
n > 1: Mn = - (1 - v)n(n - 1)ann + (n + 1)[n + 2 - v(n - 2)1a7 +2,n,

a
2

D
WI7 = - (1 -v)n(n - i)/372 + (n + 1)[n + 2- tn -2]+ ,

a2

Vn = [(1 - )n
2

(n - 1)ann + n(n + 1)(n - 4 - n) 7n+2,nI,
a

3

Vn = [(1 - )n
2

(n - 1)/nn + n(n + 1)(n - 4 - vn)0n+2,nI
a3

qo = 64Da4O/a4 , q = 192Da5l/a5 , q2 = 192DO51/ia 5.

These relations are equivalent to Eqs. (11) and (14)-(18)
when the corrections of order (h/a)2 are neglected.

These corrections result frQm an application of the
theory of moderately thick plates developed by Love8

and based on some results of Michell in the problem of
generalized plane stress. The Love theory yields a
family of exact solutions of the differential equations
of 3-D elasticity, valid in a plate of uniform thickness
h, such that the transverse normal stress 033 vanishes
everywhere (consequently there is no transverse load-
ing), while the shear stresses 013 and 0r23 vanish at X3 =
:Lh/2. In the Love formulation of the bending problem,
the displacements components u1 ,u2 ,u3 are given in
terms of functions Xi(X1,X2) and 01(x1,x2), of which the
latter is harmonic (that is, V201 = 0), and the former is
biharmonic (V4X = 0). In particular, the transverse
displacement U3 is given by

1 [ , (h 2 1 2
U3 = E (1 + V)1+F4-2-VXg011

The deflections of the middle plane (X3 = O),wo, and of
the top and bottom planes (X3 = ± h/2),wl, are given,
respectively, by

wo =E + v)xi + 4 01

W = [1+ V)X' + (1 -V o =WO v 2 01.

However,

It is the second term in the braces that represents the
Love correction; it is seen to include a small term that
is cubic in X3 in contrast to thin-plate theory, which is
based on the assumption that the in-plane stresses vary
linearly through the thickness.

The displacements predicted by the Love theory are
exact if and only if the stresses that are applied at the
edges vary precisely in accord with Eq. (A8). Otherwise
these displacements are approximate. However, if the
actual applied stresses have the same force and couple
resultants (per unit length along the edge) as those re-
quired by the theory, the difference between the actual
and theoretical deflections is negligible everywhere
except in a zone near the edge whose width is of the
order of the plate thickness. This is the edge effect and
is a corollary of St. Venant's principle.8-10

As defined by Eq. (A2), the bending-moment tensor
corresponding to the stress distribution (A8) is given
by

MAl7 = D [(1 - v)WO,72 3 + vV
2
WO&, + 8V h2V2Wo,a]l

Since, however, V4wO = 0, Eq. (Al) remains valid if a
fictitious deflection w is defined by

w = wo + 1 8+V h
2
V

2
Wo0 .
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or, in view of Eq. (A7),

1 2-Is
w=wl+-1 - h

2
V

2
,. (A9)

10 1 -

Moreover, since V2w = V2wO = V2w1, Eq. (A3) remains
valid for the shearing forces. Consequently, to produce
a top-surface deflection wl so that V4 w, = 0, one need
only derive the fictitious deflection w by Eq. (A8) and
then use the thin-plate theory to obtain the shearing
forces and bending moments to be applied at the edge.
This algorithm was used in Sec. III.

In the presence of a transverse load q on the face X3
-- h/2, Love's method is to find a particular solution
of the differential equation satisfied by 0733, which obeys
the following boundary conditions: on the plane X3 =

-h/2, 0(33 = -q; or X3 = h/2, 0r3 3 = 0; and on both planes,
cT33 ,3 = 0 (so that 0r13 and 0T23 vanish there). If q is given
by Eq. (9), 0r33 turns out to be biharmonic. From this
L133 we can then determine additional terms for the re-
maining stress components, displacements, bending
moments, and shearing forces. From the results given
by Love, we obtain the following expressions for the
additional top-surface deflection wl, additional edge
bending moment M, and additional edge shearing force
V in the presence of a uniform pressure qo:

q- lr -2h 2
r

2
+ vh

4
1

64D 6(1-v) 

V = -qoa/2,

3 +v 3- v
M = qoa

2
+ -qh

2
.

16 80

In the case of a linearly varying pressure q1xi, the cor-
responding results in polar coordinates after some
trigonometric transformations are

Wi = 9q r5
cos - hr [(3 -v) cos0 - cos30]

192D 1 - v

+ h
4

r cos0
2(1+v) J

V = -ql 17 8 a
2

cos0 + - h
2

cos0 - 3 h
2 cos30

M 48 160 32 30)

M lqia5+ va2 cos + 9 h2 COS + 3h2 cos30)
~~ 48 160 32 0

If the pressure is given by q2x2 , we may use the same
results with q1 replaced by q2, cos6 by sin6, and cos36
by -sin36. In each of these expressions, the leading
term is just that given by thin-plate theory, while the
remaining terms represent the Love correction, which
in Sec. III was called the second-order effect of the
transverse loading.

A superposition of all the preceding results yields the
equations that appear in Sec. III. The rigid-body-dis-
placement terms appearing in the expressions for w1 are,
of course, ignored.
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